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0 Introduction 

There are many methods for representations of the groups which are semi- 
direct products. For Heisenberg groups, there are Stone-Von Neumann Theorem 
and Weil’s acta paper. For general cases, one can use Jacquet functor. In this 
paper, we consider smooth representations of a group G = H Xt A with H a 
locally compact and totally disconnected group and A an Abelian topological 
group such that A and its dual A are both locally compact and totally discon¬ 
nected Abelian groups. Our method is different from Weil’s paper and doesn’t 
need Jacquet functor, but is along Mackey’s idea. For Jacquet functor, is a 
good reference. 

Mackey has considered representations of Lie groups of type G = H Xt 
R” with H a Lie group. He relates the representations of G to systems of 
impremitivity Of (iL,K") (cf. Lemma 1 and Lemma 2 in our case). There is a 
one to one correspondence between them. A system of imprimitivity of {H, A) 
means a representation tt oi H and a projection valued measure P based on A 
such that 

TT{h)PETT{h)~^ = Ph[E] 

where h G H and F is a Borel subset of A. In [ 7 |, Varadarajan relates systems 
of impremitivity of {H, A) to “cocycles”. The calculate of “cocycles” is not 
an easy work. In our case, “cocycles” aren’t needed, because the topology is 
better (totally disconnected) and the representations are smooth, i.e.,“locally 
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constant”. We make the sheaf theory in the sense of Bernstein and Zelevinsky 
instead. 

Section 1 gives the spectral decomposition of a smooth representation of 
A, which corresponds to Fourier analysis of R" in real case. Section 2 states 
Mackey Theory of p-adic groups. 

The sheaf theory of B-Z makes a projection valued measure {P\A,V) i.e. 
a (^“(Aj-module V into a sheaf on A. By it, we change the representation 
space into the space of sections of the corresponding sheaf. We then change the 
sections into certain “compact” supported functions on H. Then we find that 
all of our representations are induced representations. 

At last, we shall point out that all of our representations are complex and 
smooth, and that all functions are complex valued. 

1 Spectral decomposition 

1.1 A fact 

Let B be a compact and totally non-connected Abelian group. Let Cioc{B) 
denote the set of all locally constant functions on B, then B, the dual of B, 
is contained in Cioc{B). We show that B generates Cioc{B), or more precisely 
that every function in Cioc{B) is a finite linear sum of elements of B. To see 
this , we need only to show that xe for every open compact subset E is so. 
Let Bi be an open subgroup such that xe is constant on every xBi for x € B. 
We can regard xe as a function on B/Bi , which is a finite group. There are 
n = [B ■. Bi\ elements 6i,...,6„ in B such that 6i,...,6„ are all characters of 
B/Bi- Then xe is a linear sum of bi, ..., 6„. Therefore, we see that B generates 
CiociB). 

1.2 Cosmooth projection valued measure and spectral 
decomposition 

Let A and A, the dual of A, be locally compact and totally non-connected 
Abelian groups. We will make this assumption in the following. A = Qp is such 
an example, but is not. 

Let U he a compact open subgroup of A, then the dual of A/U is U-^ = 
{a e A\Wu e U,<a,u >= 1}. Since A/U is discrete, U-^ is a compact group. 
Since the topology of A is the open-compact topology, U-^ is an open subgroup 
of A. Therefore [/■*■ is compact open subgroup of A. 

Let (tt, V) be a smooth representation of A. Fix a vector v G V. There is a 
compact open subgroup U oi A which fixes v. Let be the subspace whose 
vectors are fixed by U. Then is stable under A. We regard A/U as functions 
on U-^. By the result of section 1.1, A/U generates Cioc{U-^), so we can extend 
Tr\V^ to a representation tt^ of the algebra Cioc{U-^). Write P// for {xe), 
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where E is an open subset of U^. We see that 


pU 


= I, = 0 


( 1 . 1 . 1 ) 


pupu^pu^^ ( 1 . 1 . 2 ) 

(1-1-3). 

where E, E, Ei are open subsets of and Ei {^Ej = (f) unless i = j. We call 
such a system (P; V^) a projection valued measure based on U-^. 

We have 

■K{a)\V^ = [ x{a)dP^ {x) (1-2)- 

Ju^ 

It is easy to see that there exists an unique (P; [/■*■, F^) such that (1.2) is 
satisfied, by applying the basic fact of section 1.1. 

We extend P^ to a projection valued measure based on A by setting P^{E) = 
P’^{Ef]U-^). Then it is easy to see that 

Pf=I,P^^ = 0 (1.3.1) 

pUpU^pU^F (1.3.2) 

where E, F, E^ are open subsets of A and E^ f]Ej = <p unless i = j. 

We can define P^ for other compact open subgroup U of A in the same 
way. 

If u e n , then 


7r(a)v 


x{a){dP^ {x))v, 


7r(a)v 


x(a)(dP^ (x))v. 


Let V € V, the dual of F.Then 


< 7r(a)v, V >= 


x(a) < dP^(x)v,v > 


= /.(a)<dpMvS> 

Applying the fact in section 1.1 with P-*- . U instead of B and the above 
formula, we see that for each E, 

< P^{E)v,v>=< P^{E n U-^ ■ u'-^)v,v > 

=< P^' (P n . p'-^)v, V >=< P^' {E)v, V > 
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Since v is arbitrary, 


P^{E)v = P^ {E)v 

By (1.4),we can patch all P^ to a P such that 

(1.4). 

o 

II 

II 

(1.5.1) 

PePe — ^Ef\ E 

(1.5.2) 


(1.5.3) 


where E,F,Ei are as in (1.3). Such a P, i.e. a P satisfying (1.5.1), (1.5.2) and 
(1.5.3) is called a projection valued measure. 

Furthermore, for any given v £V , there exists a compact open subset E(v) 
such that 

Pev = PEnE{v)V (1.5.4) 

We call a projection valued measure (P; A, V) satisfying (1.5.4) a cosmooth 
projection valued measure. 

Now, let (P; A, V) be a cosmooth projection valued measure. For any v & V, 
define 

T:{a)v = / x{a)dP{x)v (1-6). 

Je{v) 

We can show that Tr{a)v does not depend the choice of E{v). In fact, for 
another choice E (v), 

Pev = PEnE(v)nE’ (v)'^ 

and therefore (1.6) become 


n{a)v = / x{a)dP{x)v (1.6.1) 

'J E(v)r\E' (v) 

So it is not depend on E{v). 

Write (1.6) simply as 

= [ x{a)dP{x) (1-60- 

Ja 

For every compact open subgroup E of A, by formula (1.5.1)-(1.5.3), we can 
define 

= [ f{x)dP{x)v, V e PeV 
Je 

which defines a representation of the algebra Cioc{E) on PeV and therefore tt 
is a representation of A on PeV . So (1.6) defines a representation of A on V. 
We obtain the main result of this section: 

Theorem 1. For a smooth representation ( tt , V) of A, there exists a unique 
cosmooth projection valued measure (P; A, V) such that 


7r(a)v 


x(a)dP(x)v 


ae A, V €V. 
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Conversely, given a cosmooth projection valued measure {P]A,V), the above 
formula defines a smooth representation tt of A. 

Furthermore, we see that an operator on V commutes with tt if and only if 
it commutes with P. 

In the next part, (1.6’) is always in the sense of (1.6). 


2 Representation and system of imprimitivity 

2.1 Semidirect product 

Let H he a locally compact and totally disconnected group and A be as in 
section 1. Assume that there is a continuous homomorphism t oi H into the 
automorphism group of A. We write h[a] simply for th(a). We now define a 
group G = H Xi A by 

{h,a){h ,a) = {hh ,ath{a )) (2.1). 

It is easy to verify that G is really a group with the identity e = (6/^,6^). 
Furthermore 

{h,a)~^ = {h~^ ,h~^[a]) (2.2). 

G is called the semidirect product of H and A relative to t. Since t is continuous, 
G becomes a topological group with the product topology. 

A quick calculation shows that 

(h, a)(h ,a ){h, a)~^ = {hh h~^,ah[a [a“^]) (2.3). 

It follows that A = {{cH, a) : a G A} is a closed normal subgroup of G, and that 
{h, a){eH, a ){h, a)~^ = {eH,ah[a ]a“^) (2.4). 


We put 

H = {{h,eA) ■ h e H}, 

then H is a closed subgroup of G. We identity H with H and A with A, then 
we have 


G = AH 

(2.5.1), 

{e} = Anil 

(2.5.2), 

h[a] = hah~^ 

(2.5.3). 


2.2 Representation of G and system of imprimitivity 

In this section, we relate a smooth representation of G to a cosmooth system 
of imprimitivity. 

Definition. Let A be a continuous il-space. A system of imprimitivity 
for {H,X) acting on fo is a pair (tt, P; V), where tt is a smooth representation 
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of i? on y and P{E ^ Pe) is a projection valued measure based on X, such 
that they satisfy a relation: 


T^hPET^h-^ = Ph.E (2-6), 

where, h d H and E is an open subset of X. Furthermore, if P is cosmooth, 
then (tt, P; V) is called cosmooth system of imprimitivity. 

Two systems (tt, P; V) and {n ,P ;V ) based on the same P-space X are 
said to be equivalent if and only if there exists an isomorphism T from V to 
V such that 

tt' {h) = TTT{h)T-^ (2.7.1), 

p'e = TPeT-^ (2.7.2), 

where, h G H and E is an open subset of X. We say that a cosmooth system of 
imprimitivity (tt, P; V) is irreducible if and only if there is no subspace other 
than 0 and V which is invariant under all Pe and tt/j. 

We dehne a homomorphism t of 77 to the the automorphism group of A by 

4(a)(a) = a(4-i(a)) (2.8), 

and we write simply h\a\ for Then A becomes a continuous i7-space. 

If TT is a smooth representation of G, then tt restrictions to A and H are also 
smooth. 

Lemma 1. Let tt\ and 712 be smooth representations of A and El respectively 
in a vector space V, and let P be the corresponding cosmooth projection valued 
measure on A for tti . Then a necessary and sufficient condition such that there 
exists a smooth representation tt of G mV whose restrictions to A and El are 
TTi and 7r2 respectively, is that (tt 2 , P] V) is a cosmooth system of imprimitivity 
for H based on A. In this case, tt is unique. 

Proof. Let tt be a smooth representation of G in V, and let tti, tt 2 be the 
restrictions to A,H respectively. Now 

hah~^ = h[a\ (2.9) 

so that 

7r2(h)7ri(o)7r2(h)“^ =7ri(h[a]) (2.10) 

for all {h, a) G H X A. Let P be the corresponding cosmooth projection 
valued measure on A for tti. Now an easy calculation show that the projec¬ 
tion valued measure for the representation {a —> 7r2(h)7ri( 0)772 (h)“^} of A is 
{E — !■ TT2{h)PEE2{h)~^}^ and that for the representation {a —> 7ri(h[o])} of A 
is {E —> PhlE]}- In view of the uniqueness of the cosmooth projection valued 
measure which corresponds to a representation of A, we infer that 

TT2{h)PETT2ih)~^ = PhlE] ( 2 . 11 ), 

SO { tt 2 , P; V) is a cosmooth system of imprimitivity of H based on A. 
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Now let us state with tti, 7r2 and P such that 

7r2(/i)PE7r2(h)“^ = Ph[E], 
then we gain (2.10). Define tt on G 

Tr{ah) = 7ri(a)7r2(/i). 

Then (2.10) is enough to secure the fact that tt is a representation. Since the 
restriction oi tt to A and PI are smooth and G is equipped with the product 
topology, TT is smooth, too. □ 

The lemma just stated enables us to relate a smooth representation of G to 
a cosmooth system of imprimitivity of based on A. The following lemma tells 
us that the relation is one to one in the sense of equivalence. 

Lemma 2. A smooth representation tt of G on y is irreducible if and only 
if the corresponding cosmooth system of imprimitivity for P[ based on A is 
irreducible. Two smooth representations of G are equivalent if and only if the 
corresponding cosmooth systems of imprimitivity are equivalent. 

Proof. For the hrst assertion we need only to prove that any subspace Vi of V 
is invariant under tti = tt | A if and only if it is invariant under the corresponding 
cosmooth projection valued measure P based on A. 

If Vi is invariant under P, then by the definition (1.6), Vi is invariant under 
TTi. Now assume that Vi is invariant under tti. Let Vf- be the subspace of V 
(the space of linear functions on V) which is zero on Vi. For any v € Vi,v € Vf-, 

< TTi{a)v,v >= 0 


Now 


< TTi{a)v,v >= / x{a) < dP{x)v, 
J E{v) 


V > 


( 2 . 12 ), 


and the basic fact in section 1.1 tell us that \i v then 


< P{E)v,v >=< P{E n E{v))v,v >= 0 

for any open subset of A, and any v in Vf~. Therefore P{E)v € Vi. In other 
word, Vi is invariant under P. 

For the second assertion, let tt* be smooth representations of G in y®, 
and let {tt^, P'‘',V^) be the corresponding cosmooth systems of imprimitivity, 
(i=I,2). Let T be a isomorphism from to y^. As in the proof of the 
lemma 1, the cosmooth projection valued measure corresponding to T(7r^ | A)T“^ 
is TP^T~^. Therefore by the uniqueness stated in Theorem I shows that, 
7r^|A = r(7r^|A)T“^ if and only if P^ = TP^T~^. From this the second asser¬ 
tion follows. □ 


Lemma 2 tells us that, to study smooth representations of G is equivalent 
to study the cosmooth systems of imprimitivity of (iL, A). 
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2.3 Sheaf 


In this section, we use the concepts of presheaf and sheaf in the sense of 
Bernstein and Zelevinsky. 

We assume that X is a totally disconnected locally compact space and that 
Ic is the set of all compact open subsets of X. 

Let C^{X) be the sheaf of smooth complex valued functions on X with 
compact support, let be a sheaf of vector spaces over X with base Ic- Then 
M is naturally a sheaf of module for C^{X). 

We call a (7“(X)-module M cosmooth if for every m G M, there exists a 
compact open subset U oi X such that = m. 

We have the following important proposition. For a proof, see l^. 

Proposition 1. Let M be a cosmooth C'“(X)-module. We associate a 
presheaf M. in the follow way. If 17 S 1^ let M{U) = Ijj ■ M. If 17 3 V, with 
U,V G Ic, we define a restriction map pjjy ■ M.{U) —> M{V) by puy{m) = 
lyTO. Then At is a sheaf. 

2.4 Irreducible smooth representation 

Let TT be an irreducible admissible representation of G and let { 112 , P\V) 
be the corresponding cosmooth system of imprimitivity of H based on A (see 
lemma I). Due to (1.5.1)-(1.5.4), 17 becomes a cosmooth C“(4)-module by 
setting the action of xe on 17 to be Pe- We can associate a sheaf V to 17 via 
proposition 1. H has an action 112 on V in the natural way, under which, V{E) 
is mapped to V{h[E]) and is mapped to Vh[x] by A 2 {h). 

Definition. Let 77 be a Ti i7-space. X is said to be a smooth i7-space 
or in other word, H acts smoothly on X, if for any two points xi, X 2 in 77, 
either xi and X 2 lie in the same orbit of H in 77, or there is i7-invariant open 
subset of 77 such that exact one of xi,X 2 lies in it. 

Now, we add a condition that H acts smoothly on A. Note that if i7 is a 
compact group, then it acts always smoothly on A. 

Lemma 3. Let (7r2, P; V), (tt^, 17^) and (7r|, P^; V 2 ) be three irreducible 

cosmooth systems of imprimitivity, and let V, and be the sheaves asso¬ 
ciated to them constructed by proposition 1. Then .supp{V) lies on exact one 
orbit of H. If supp{V^) ^ supp{V'^), then (7r2,P^;I7^) and P^;V 2 ) are two 
inequivalent cosmooth systems of imprimitivity. 

Proof. We assert that suppiV) lies on exact one i7-orbit. Otherwise, there are 
two orbits i7a),77a^ C supp{V), then there is an i7-invariant open subset E 
such that exact one of Hal, 77 02 , say Hal, lies in E. Now, let 17 = Pp-V, then 17 
is a nontrivial subspace of 17, which is invariant under (7r2, P). This contradicts 
the irreducibility of {'K 2 ,P', 17). 

Let (7r2 , P^; 17^), (ttI, P^; D^) be two irreducible cosmooth systems of im¬ 
primitivity. If supply^), supply'^) lie in two different i7-orbits Hxi, Hx 2 . Sup¬ 
pose P is a i7-invariant open subset such that exact one of these two orbits say 
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Hxi lies in it, then ^ 0, but P? = 0. Therefore (tt^, (7r|, 

are two inequivalent cosmooth systems of imprimitivity. □ 


Now let {TT 2 , P; V) be an irreducible cosmooth system of imprimitivity, with 
supp{V) lying in an orbit Hxo- Let Hq be the stable subgroup of xq in H. It is 
easy to see that Vxq, denoted by Vo, is invariant under Hq. Let ttq denote the 
action of Hq on Vq. By proposition 1, we can identity the sections of V with the 
vectors in V. For every section s of V, define a function on H with value in Vq, 
by 

F s{h) =n2{h)s{h~^[xo]) (2.13). 

Let C^{H/Ho, TTo, Vb) denote the space of locally constant functions / with 
values in Vo whose support is compact mod Ho, and satisfies 

f{hoh) = TTo{ho)f{h) Who G HoWhG H (2-14). 

Lemma 4. Fg belongs to C^{H/Ho,no,Vo). 

Proof. It is easy to see that Fg satisfies (2.14) and its support is compact modPo- 
Let Vg be the vector in V corresponding to s. Then there is a compact open 
subgroup Hg which fixes Vg. Note that 

{T:2{h)s){x) = n2(/i)s(/i“^[x]). (2-15) 

Therefore we have V h G Hg, 

n 2 (/i)s(Ii“^[a;]) = s(a:) Wx G A. 


Especially, W h G Hg 

~F g{gh) = U2{gh)s{h~^g~^[xo]) = 02(3)5(3“^ [xo]) = ~F g{g) 

Thus Fg G C^{H/Ho, TTO, Vo). □ 

Conversely, for a function / G C^{H/Ho,7To,Vo), we can define 

Ff{h[xo])=U2{h)f{h-^) (2.16). 

By (2.14), it is well defined. 

Lemma 5. P/ is a section of V. 

Proof. It is easy to see that it has compact support. 

There is a compact open subgroup Hf such that for each hf G Hf, f{hhf ) = 
f{h). Then (2.16) tells us that 

n2ihf)Ff{x) = Ffihfix]) Whf GHf,xG Hxo (2.17). 


9 



We are now to prove F f is a section. Fix an x G Hxq. We can select a 
section s such that s{x) = F f{x). Let Fig be a compact open subgroup on F[ 
such that s is fixed by Fig. By (2.15), we gain 


n 2 (/is)s(a;) = V/ig G Fig, x G Hxo 

Comparing (2.17) and (2.18), we see that 

s(/i[x]) = F f{h[x]) Wh G HgCl Hf. 
Thus F f is really a section. 


(2.18). 


□ 


It is obviously that F F and F F are both identity, or equivalently, F = 

(f-i. ^_^ ^ 

Now {Ftt 2 F, FPF;C^{H/Ho,Tro,Vo)) is a cosmooth system of imprimi- 
tivity that is equivalent to {tt 2 ,P',V). Write {n 2 , P;V) for {FTr 2 F, FPF] C^{H/Ho, tto, Vb)). 
A direct calculation implies that: V/ G V, 


{Mhi)f){h) = /(Ml) 

Psf = Xb-1 • / 


(2.19.1) , 

(2.19.2) , 


(7r(a)/)(/ii) =< a,h/[xo] > -/(ft-i) 

iTf{h)f)ihi) = f{hih) 


where, hi G H, E = {h € H : h[xo] G E} and E~^ = {h G H; h~^ G E}. 

We see that 7f2 is just the compact induced representation of ttq. Denote 
by TT, the representation of G corresponding to ( 712 , P;V). A direct calculation 
shows: 

( 2 . 20 . 1 ), 
( 2 . 20 . 2 ), 

where a G A, h G H and f GV . 

Lemma 6. The representation tt is equivalent to the representation tt men¬ 
tioned at the beginning of this subsection. 

This is just a consequence of Lemma 2. 

Let {'k\,P^-,V^) and (7r|,P^;C^) be two irreducible cosmooth systems of 
imprimitivity, supported both on Hxq. Then it is easy to see that: 

Hom{{TTl,P^-V^), (ttI, ^ Hom{{Ii\V^), (tf, V^)) 

= iJom(7rg, ttq) = iJom(7r^, TT^) (2-21) 

Therefore or (tt^, C^) is irreducible if and only if ttq is irreducible. More¬ 

over, ( 712 , P^; V^) and (tt^, P^; V'^) are two equivalent irreducible cosmooth sys¬ 
tems of imprimitivity if and only if ttq and ttq are two equivalent irreducible 
smooth representations. 

Write X for xq now. For a representation ttq of H^, let tto • x be the repre¬ 
sentation of Xt A: 


(tto • x)ih X a) = xia)TTo{h) V /i G H^, a G A. 
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It is easy to check that ttq • x is a representation. Due to formulas (2.20.1) and 
(2.20.2), a simple calculate shows that tt is equivalent to the compact induced 
representation Ind)j^xtyi('^o • x) of G*- 

Now, let A be a locally compact and totally disconnected Abelian group 
whose dual A having the same property. Let H he a locally compact and 
totally disconnected group with a continuous action t on A, and a dual action 
t' on A. Let G he H Xt A. 

We obtain the main result: 

Theorem 2. For each orbit of t', select out a point x on it. Every irre¬ 
ducible smooth representation ttq of gives an irreducible smooth represen¬ 
tation Ind^^xtA(’’’o • x) of G. Every irreducible smooth representation of G 
is equivalent to one obtained in such a way. If furthermore t' is smooth, the 
representations obtained in such a way are not equivalent with each other. 
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